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Dynamics of Infinitely Many Particles Mutually
Interacting in Three Dimensions via a Bounded
Superstable Long-Range Potential
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We show existence and uniqueness for the solutions to the Newton equations
relative to a system of infinitely many particles moving in the three-dimensional
space and mutually interacting via a bounded superstable long-range potential.
The present paper complete an analogous result obtained for positive short-
range interaction.
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1. INTRODUCTION

In the rigorous study of Non-Equilibrium Statistical Mechanics a first
problem that arises is to give a precise sense to the time evolution of states
of infinitely extended systems. In this paper we consider a physical sys-
tem composed by infinitely many particles mutually interacting in three
dimensions via a bounded superstable long-range potential. We want to
establish existence and uniqueness of the time evolution of the system gov-
erned by Eq. (1.1), which means essentially to show that a quasi-local
observable evolves remaining quasi-local. This paper extends the results of
a previous paper by Caglioti et al.,”) who consider particles interacting
by means of a positive, bounded, finite-range potential. As it was claimed
in ref.2, the extension to superstable potentials seems quite natural and
the problems of such a generalization are essentially technical in nature.
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With the generalizations introduced in the present paper the more impor-
tant potentials which are not yet included in this kind of analysis are those
singular at the origin; they, although interesting from a physical point of
view, seem to be out of a possible approach with the present techniques
in three dimensions. An interaction which is singular at the origin in fact
could produce a too fast growth of the maximal velocity assumed by the
particles, which could diverge in a finite time. To confirm the difficulties
that appear in three dimensions, Fritz and Dobrushin® have exhibited
an example of a system of infinite particles with a hard-core potential,
which preserves energy in the collisions but it’s not hamiltonian, and it
produces a collapse in three-dimensions but not in two. In one dimen-
sion the first pioneer papers on this subject go back to Lanford©®? who
considered the case of bounded, short-range potentials, while the case of
singular interactions was first treated in ref. 3. In two dimensions Fritz
and Dobrushin solved the problem for finite-range potentials®, whereas
Fritz® extended the previous results in two dimensions for superstable,
singular, finite-range potentials. The extension of this result for long-range
potentials is due to Bahn et al.(V

Let us briefly describe the contents of the present paper. We are going
to consider the motion of a countable collection of identical particles of
unit mass in the three-dimensional Euclidean space R3. A configuration of
the system is represented as an infinite sequence {g;, v;};eny of the positions
and velocities of the particles, and its time evolution is characterized by
the solutions of the Newton equations:

Giy= Y Flgi(®)—q;@), ieN, (1.

JeN, j#i

where F(x)=—V¢(x). We assume that ¢ is a symmetric pair potential, su-
perstable, bounded, and of an infinite range, with a power-like decreasing
rate (see Section 2 for the details).

The first mathematical problem that arises is to establish existence
and uniqueness of the solutions of Eq. (1.1), which have to be comple-
mented by the initial conditions {g;(0), v;(0)};cy. We can exhibit initial
conditions that after a finite time produce a collapse of the system (i.e.
infinitely many particles in a bounded region), so we must choose them
in order to exclude these bad initial data, but taking into account all the
relevant states from a thermodynamical point of view.

We organize this paper as follows. In Section 2, we describe the class
of the interactions studied and we give the main results of the paper. In
Section 3, we give an a priori estimate of the energy of a region of the
space, whereas in Section 4, we give some dynamical estimates on the



Dynamics of Infinitely Many Particles 369

maximal velocity assumed by a single particle and on the work made by
the system on it. Finally, thanks to these preliminary results, in Section 5,
we prove the existence of the solutions of the Newton equations.

The Appendices are devoted to the proof of some technical results.

2. NOTATIONS, DEFINITIONS AND MAIN RESULTS

In this paper we study the dynamics of infinite particles moving in the
Euclidean space R3. Let X ={g;, vi}ieny be the infinite sequence of posi-
tions and velocities of the particles. We assume that X is a locally finite
configuration, that is in any compact set A CRR® the number of the parti-
cles in the region A:

na=y_ x(gi€h) @.1)

ieN

is finite. We denote by yx(A) the characteristic function of the set A, and
by B(u, R) the open ball centered in p and of radius R. The integer part
of the real number x is here denoted by [x].

For simplicity in the sequel we will denote by D;, E;, L;, 13,~, Ei, Zi
any positive constant, possibly depending on the interaction ¢ and on the
initial configuration X of the system.

Let us now define the class of superstable interactions, which we are
going to consider in this paper. Given a symmetric pair potential ¢ (x)=
#(1x]), x €R3, continuous with its first and second derivatives, we give the
following definition:

Definition 2.1 (Superstability). Let us divide the space R? into cubes
A of side 1 and centered in o € Z3. Let na, be the number of particles
in Ag.

We say that the potential ¢ is superstable if there exist constants
A >0, B>0 for which Vn and Vg, ..., q, we have:

Uq,....qn)=>—Bn+AY ny, (2.2)
o
with

1
Ulgr, - a0 =75 Y #(ai = ;.
i#]
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A superstable potential can be decomposed into the sum of a stable
potential plus a potential not negative, strictly positive at the origin.®? In
spite of the presence of an attractive part, superstability avoids large con-
centrations of particles in small regions of space.

Here we consider the interaction due to a superstable, bounded, long-
range potential, with a power-like decreasing rate, for which there exist
positive constants y, G, G2, G3,ry, such that, for |x| > ry:

16| < If—l‘y 2.3)
IV (x)] < pﬁzﬂ 2.4)

and
V() — Vo ()] < k. ] 2.5)

- lx—y
(1+min(|x], |y[))?

In the sequel we assume y > 7. This technical assumption will be dis-
cussed at the end of this section.

In order to consider configurations which are typical from a thermo-
dynamical point of view, we must allow initial data with logarithmic diver-
gences in the velocities and in the local densities.

More precisely, we define, using the short-hand notation ¢; j =¢(lg; —

q;l),

vl
O Ry =Y x(lai =kl <R (F+5 D duj+b). b>B(26)
ieN Jr#

4;€BGLR)
and
;) =sup sup LD, @7
M RR>Ye(Il)
where
¥e (x) = {log(max(x, )}, xeR™. (2.8)

For each £ >1/3, the set of all configurations for which Qg(X) < oo
constitutes a full measure set for all Gibbs states associated to the particle
system (see refs. 3 and 4).
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If the initial configuration X = {g;(0),v;(0)} € X, with A = {X:
Q¢ (X) <oo}, we will make sense of the infinite set of Newton equations:

Gi(=F(X0)=Y_ F ), 29)
J#

where F; ; =—V¢(lq; —q;l|) is the force exerted by the particle j on the
particle i.

The solutions to the Newton equations will be constructed by means
of a limiting procedure. Neglecting all the particles outside B(0,n), we
consider, for an integer n:

gi'(t) = F/'(1),

q;' (0) = q;, vI(0)=v;, ie€l,, (2.10)
where
I, ={ieN:q; € B(0,n)},
F'@) =) Flg't)—q}®)
Ji#L
J€ln
and

X"(t)={q] (1), v (O }ie1,

is the time evolved finite configuration.

Even if in this paper we consider the more general case of long-range
potentials, it is useful to underline the differences that occur consider-
ing short-range and long-range potentials (in both cases of a superstable,
bounded type). For short-range potentials the following theorem holds.

Theorem 2.1. If X € A%, there exists a unique flow r — X (¢), with
X(@)={qi(),vi(t)}ien € X%E’ satisfying:

G =F(X@), XO0)=X. (2.11)
Moreover, V¢ >0 and Vi eN,

lim gl (t)=qi (), lim v} () =v; (). (2.12)
n—+o0 n—+o0
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Remark. In ref. 2 also initial data contained in A evolve in A3, (in
. 2
which & was taken equal to 1).

For long-range potentials the existence of the dynamics is defined
starting from conditions for which & is not too large: & <4/9 (this restric-
tion for & will be clear in Section 5, where it will be used to make the iter-
ative method work). In order to include states of physical interest we then
take £ €[1/3,4/9). The theorem in this case is the following.

Theorem 2.2. If X € X, there exists a unique flow ¢t — X (¢), with
X(#)={qi (), vi(t)}ien € A, satisfying:

gi(n=F (X (@), X0)=X, (2.13)
where
/fgzxgsmig, (2.14)
and
Xe={gi.vi:VieN [ui|<Cw}* (gD}, (2.15)
with C > 0.

Moreover, V¢ >0 and Vi eN,
. n —_— . b n — Ay,
nhrf q; (1) =gqi(1), . hrf vl (1) = v; (1). (2.16)

Theorems 2.1 and 2.2 are the main results and their proofs occupy
the rest of the present paper. The proofs are based on several steps: we
introduce a mollified version of the local energy and we study its evolu-
tion in time under the partial dynamics. The energy conservation allows to
prove that the local energy grows in time at most as the cube of the max-
imal velocity of the particles. On the other hand a suitable time average
allows to control the maximal velocity via the local energy in a good way.
The result is achieved by letting n — co. The philosophy of the proof is
similar to that of ref. 2. Actually in that paper the authors use many times
the positivity and the finite range of the interaction, while in the present
paper the interaction can be negative and with long-range behavior. This
fact requires a new mollifier and other cumbersome technical tools.

In the sequel we will need to split the potential into two terms: a
short-range one, ¢1, and a long-range one, ¢.
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To do so, let us take, for r > max (rg, v/3):

p(x) = pV(x) +9@ (x),
oD (x) = ¢ (x) x (x| <r),
P (x) = ¢>(x) — D), (2.17)

lp@ (x)| <

II”

The following proposition holds.

Proposition 2.1. Let ¢ as in (2.17). Then 37 > 0 such that, Vr >r,
»1 is superstable.

Proof. From the superstability of ¢ we have

n n n n
%Z Z ¢W:%Z Z (¢§,IJ?+¢,F,2]?)2—BH+AZn2AI

i=1 j=1,j#i i=1 j=1,j#i iez?
1 Gy
1 Z Z ¢f}/——2—y Bn+A Y ni. (218
lgi —q,l :
i=1 j=1,j#i ieZ3

where Z . is the sum restricted to particles at distance greater than r. Let
us cons1der the first term on the right:

|V
klt;é] qj'

ZL= 1ZZx<kr<|ql ajl <G+ DN e—

Iy lgi —q;1”

<G Z (rk)y Zx(kr<|q,-—q,~|<(k+1)r)

Z > x (kr =Bl —m] < (k+ Dr +/3)—2 o —nana,
k=1 173, )
mez3
o0
S Z nzAt Gl)’
ieZ3 k=1 (rk)

x Card{Z> N (B0, (k+ D)r +~/3)\ B(0, kr —+/3))}

o
\rV3ZkV2Z A\y3z Ap (2.19)

ieZ3 iez?
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when y > 3.
Inserting (2.19) in (2.18), we obtain:

Y e >y +a) Lok ~Bn @20
i=1 j=1,j#i ieZ?

then for

21D\ /=3
r > ¥ =max ((TZ> L 10, V3 (2.21)

we obtain the thesis:
-Z Z g > A > nk, —Bn | (2.22)
i=1 j=1,j#i ieZ3
For a configuration X with finite cardinality, let us define a mollified
version of the energy (plus b times the number of particles, with b > B)

for the particles contained into the ball B(u, R), by means of a suitable
weight-function:

R Ui2 1
WX R=Y f, <7+§ > i+b) (2.23)

ieN jij#i

with a weight-function

WR_ o Iqi—u—y|>< 1 )A
i =1 M»R)—/RSG< 2 ol dy, (2.24)

where 0: R™ — (0, 1], is continuously differentiable and it is such that

l. 6()=(14ax)™ forx>2,
2. 6(x) 1is concave for x <2,

3. 0(0)=0()-16'(2), for x<I.
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Notice that
0(x) <(14ax)™ (2.25)
and
10" ()| < Aol +ax)” 3D (2.26)

with A>3 and « € (0, 1]. In the sequel we shall assume A € (4, y —3) and
o small enough (for details see Appendix A).
Following, (" let us show the main properties of the weight-function:

Proposition 2.2. There exist positive constants Cy, C», depending
only on « and A, such that, for any R > 1, the following properties hold

I f&x,R<Ci(1+alx|/R)~*,
2. f(x,R)=Cr(14a|x|/R)*,

3. f, <A +alx—yD*f(y, R).

Proof. 1. Let us prove the first property. Multiplying f(x, R) by
(14+a|x|/R)*, using the triangular inequality we obtain:

A A
R — 1
<1+aM> f(x,R) </ dy( talyltak y')
R R3

R+ajx -yl (1+alyh*
<2A/ gy AFalyD™ + Rtalx—yp* 1
X y A A
R’ (R+elx—yl) (I+aly)

considering that Ya, bRt it holds (a +b)* <2* (a* +b*). Then

e <z [yt | :
l+a— (x,R) L2 dy ———+2 dy——mMm——
< &) w Y Arapdt  Je T Rraly —x)F

1
<2)L+1/‘ dy—kécl
rR: (I +aly))

for R>1.
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2. Notice first that:

Ix—yl) 1
0 =612 , 2.27
( R ( )<1+a|x—y|/R)* (227

being 6(2) = min 6(x). So for the weight-function we have

lxI<2

1 1
(I4+alx—yI/R* (1+aly)*

f. R>>e<2>/ dy
R3

Multiplying f(x, R) by (1 +a|x|/R)A, we obtain:

x| e<2> 1 (1+alx|/R)*
l4+a R) > — d
( )f( )z W (Ltaly)” (I +alyl/RyH1+alxl/R)"
- 9(2) J 1 1

> | dy
2 Je T (+alyh? 1+<1+am/R>
I+alx|/R

0(2) J 1 1

e y

24 Jrs 7 (4alyD* T+ +alyl/R)*
6(2) 1 1

> d

24 Jrs T (L4alyD* 1+ +alyh?

WV

G

for R>1.
3. For the third relation let us write the function f in the following way,
putting x —y=2z:

ram=[ o5 ><1+a|1x—z|)xdz'

1 1+olx—y|
lt+alx—z| " 1+aly—z|’

Since

the thesis follows (last inequality becomes evident multiplying both sides
by (14+alx —z])(1+«|y —z|) and using the triangular inequality). |

The choice of such a weight-function will be evident later, in the
proof of Lemma 3.1. This function, unlike the mollifier function used in
ref. 2, allows also to give some superstability estimates for the energy of a
bounded region of the space, essential in the proof of Lemma 3.2.
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Notice that, if the interaction has finite range, we could use an
explicit weight-function, i.e. f(x)=1/cosh(x). In general an exponential
decay for the weight-function is too fast for taking into account potentials
with a power-law decay.

We give now a short explanation for the technical assumption on
the power-law decay (y > 7) of the interaction. The weight-function must
decay slower than the interaction (y >3+21) to handle the border terms of
the mollified energy (see (A.12)); moreover the weight-function must decay
fast enough (A >4, see (C.9)) to obtain the boundedness of the mollified
density energy We(X) defined in (3.4).

3. PROPERTIES OF THE MOLLIFIED ENERGY

We present here a lemma, whose proof is shown in Appendix A, that
gives a superstability property of the mollified energy.

Lemma 3.1. There exist C3>0 and @ €(0, 1), not depending on R,
such that Vo € (0, @):

W(X:p, R)=C3 Y flk—pl Ryng,. 3.1)
keZ3

We actually prove a stronger condition:

WOt R 2 30 7 (5 Y 0 o)

ieN Jiji
>C3 ) flk—pl. Rynx, >0, (32)
keZ3

which implies that the interaction energy is non-negative. In the sequel the
parameter « appearing in Lemma 3.1 will be considered fixed.
From Lemma 3.1 we can derive the following corollaries:

Corollary 3.1. There exist C3, C4 > 0, not depending on R, such
that:

C3 > fUk—pl. Ryna, SW(X: i, )< Cy Y f(k—pl, R)nj,
keZ3 keZ3

+ >R % (3.3)

ieN

(3]
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The first inequality reproduces Lemma 3.1, while the proof of the sec-
ond inequality will be given in Appendix B.

The function W is a technical tool. The following Corollary (whose proof
is given in Appendix C) shows the relation with the initial data. Defining

W(X;u, R
We(X)=sup sup % (3.4)
woR=ye(uh R

then it holds:
Corollary 3.2. 3 Cs, C>0, not depending on R, such that:
Cs Qe (X) < We(X) < Cs Q:(X). (3.5

We can give now an estimate for the mollified energy, useful for the
proof of the existence of the dynamics.

Lemma 3.2. For X € A, there exists a positive constant C7 such
that

sup W(X"(1); i, R(n, 1)) <C7R(n, 1), (3.6)
"
where
t
R(n,t)=¢(n) ~|—/ ds V" (s) (3.7
0
with
o) =y ()
and

V"(s):max{ sup |v?(r)|}.

iel loge<s
Proof. For 0<s<t<T let us define

t
R(n,t,s):R(n,t)—i—/ V' (t)dt. (3.8)

N

Notice that

. JR
R(n» tss)Ea_ (nv tvs):_vn(s) <01
N
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moreover
R(n,t,t)=R(n,t), R@n,t,0)<2R(n,t).

Let us derive with respect to s the quantity:

2
, R [ Vi ]
WX RO t5) = D20 [ 23 b

ieN 2 J#L
jeN
_ Zfiu,R(n,t,s) w; (39)
ieN
with
vi2 1
Jij#i
We have:
oW . .
— =W+ W, (3.11)
as
where

. o 1gi —pn—yl
WlEE:wﬂéfwe(_L7T__
i

1 Vers(gi —y—u) -vi  R(n,t,s)
- lgi —y—nul),

X
(I+alyD* R(n,t,s) R2(n,1,s)
; 1
W, = Z fiM,R(n,t,s) (Ui Fij— EFi’j (v — vj))- (3.12)
i#]

We have denoted by Vers (x) the versor of the vector x € R3. Let us
consider now the first term Wj. Thanks to (2.26) and to the definition of
V", we have:

1
o |w-|f dy
,Z e T (U alg — -yl R

1 iy —
» A(LH% y MU
(I +alyh R(n,1,s)

: R
[Wil< A ‘—
R
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< D3

R 1 1
—1 wil | dy 7 p
R| < R (It+algi—p—yl/R)" (1+aly)

R Rn,t,
< Dy || X 4 G.13)
i

where in the last inequality we have applied (2.27). From the positivity of
the mollified energy and from estimates analogous to those used to obtain
(B.1) we have:

| R
Wi < D3| | | WOXs i R0+ md, fli=pl. B (3.14)

ieZ3

and from Lemma 3.1 we obtain:

. R
|W1| < De| | Wi . R). (3.15)

For the second term W, we are going to give also an estimate of the
form:

. R
WzéDll‘E‘ W(X: . R). (3.16)

Let us evaluate
. 1
JR(n,t,
Wy = ; FoRoe (vi Fij=5Fi —v»)
i#]

1
= Zﬁ“v’“’”’”m,j(v,- +v)). (3.17)
i#]

Since F; j=—Fj;, it results:

: 1 R(n.1.5)
Wo= 23 fVE i)

i#j
! R(n,1.s 1 R(n,1,3
=3 Zflu (n,t,Y)Fi’j v — 3 Zf;l., (n,t,v)Fl_’j vy
i#]j i#j
1 Rin.t. Rin.t.s
=3 Z(fl# (n.t.s) ij, (n’t’v))V(bi,j ;i (5). (3.18)

i#]
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Let us estimate now the addends of the sum one by one. From the prop-
erties of 6(x) (2.26), (2.27) and of the potential we have:

|fi,u,R(n,t,s) _ f;L,R(n,t,s)| < |Rq(l fu ,R(n,t,s) f;l, ,R(n,t, v)) (3 19)
Being
—y—1
IV (lgi —q;DI< Ds(1+19: —q;1) ", (3.20)

then, using an estimate analogous to (B.1):

X R R(n,t,s) w,R(n,t,s) 1
|W2|<D9‘—‘Z Z(f“’ TUA )
R ieN jeN: l ! (1+|Qi—q1‘|)
i)
R .
< Duo| 2| D2 rlli—ul Rynd,. (3.21)
iez3?

Using Lemma 3.1 we close the estimate with the function W:

WgD‘
[Wa| 1%

(—)( W (X"(5); i, R(n, 1, 5)). (3.22)
We have so proved that

OW(X"(s); u, R(n, t,5))
as

R(nts)
R(n,t,s)

2| | W w: k).

(3.23)
Integrating we have
W(X"(s); u, R(n, t,8) < W (X"(0); u, R(n, 1,0))

+ D12/ dt ‘R(” L t))W(X"(t) i, R(n, 1, 7)).

Let us use now the Gronwall’s lemma to handle the previous inequality

R(n.1.0 Dy
W(X”(s);u,R(n,t,S))éW(X"(O);M’R(”’t’o))(%) ’

(3.24)
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from which, being g&z;gg <2, we obtain

W (X" (5); i, R(n, 1,5)) <2712 W(X" (0); i1, R(n, 1,0)), (3.25)
and since R(n,t,t)=R(n,t), taking the supremum over u, we have

sup W(X"(t); i, R(n, 1)) < D13 sup W(X"(0); u, R(n,t,0)).  (3.26)
w "

From Corollary 3.2 and by the hypothesis on the initial data, being
R(n,t,0)>vy¢(n), we get

sup W (X"(0); i1, R(n,1,0)) < CQs(X)R>(n, 1,0), (3.27)
y

thus

sup W(X"(); w, R(n, 1)) < D1aR*(n, 1). |
)7

In Lemma 3.3 we present some relations that will be used in the sequel.
The proof is in Appendix D.

Lemma 3.3. Let X be a configuration with finite cardinality. Then,
for any R > 1 there exist positive constants Cg, Cy, C19, C1; such that

1 if neN, n>1

W(X; i, nR) < Cyn* W(X; w, R); (3.28)
(i) if neN, n>1

W(X; 1, R) <CoW(X; u,nR); (3.29)

(i) N(X, R =) x(gi—pul <R <CroRPWXu, BV (3.30)

1

(iv) for O0<p<R

> xUai —ajl<p)x(gi —pl < R)x(lg; — ul < )< Ci1 p> W(X; 1, R).
i#]
(3.31)
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We will need an estimate for the force F; that at time ¢ acts on the
particle i:

F(X"0)==_ Vo (lqi(t) — q; (D)]). (3.32)

J€
We can make the following decomposition:
IFX" ) < FP+ FP,

where Fi(l) represents a bound for the absolute value of the force acting
on the particle i, due to the particles j contained in B(g;(t), r), with r not
less than 7, defined in Proposition 2.1, and Fl.(z) is a bound for the abso-
lute value of the force acting on the particle i, due to the particles j con-
tained in BC(q;(t),r).

Using the third property of Lemma 3.3, the first term is bounded by:

1
FY <IFlloo N(X" (1), 4i (1), 1) < | Flloo C1o 7> W (X" (0); ¢ (), 1) '/
< |IFlloo D15 r?sup W(X"(1); . R(n, 1))"/> < D1 R ?(n, 1),
"

where, for sufficiently large n, we have used Lemma 3.2.
Let us give now a bound for the second term; for R=R(n,t)>r we
have

1
2
FP< G )] i —q: [P T
Jlai—gj1=r 1914
[R/r]+1 {
< G Z ZX(k”<|fIi—¢1j|<(k+1)r)W
k=1 )

+00
+ Ga) Y x(kR<lgi—q;|<(k+DR)
k=1 j
[R/r]+1
<Gy Y, NX.gi,(k+Dr)—rp
k=1

(kR))/+1

(r k))/—i-l

+ G2) N(X,qi, (k+1)R))

T
pa (kR)”
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[R/r]+1

1
<D Y ((k+1)r)3/2W1/2(X,q,-,(k+1)r)m
k=1

o0
+ D17 Y ((k+ DR WX, gi. (k+ DR)
k=1

o0
e 1
< D]8 (R3/2+R3/2 14 lsule/z(X,pL, R) E k)"/zky_'_l—_w>
" k=1

(Rk)y+l

+00
1
< Dyg <R3/2 + R3-r-1 Z k—y—A/Z—l/Z) , (3.33)
k=1

where in the penultimate line we have used the first property of Lemma 3.3.
Since y >3+ 1 we obtain:

F® <DyR(n,1). (3.34)
Then
|Fi (X" (1)) < Doy R¥?(n, 1). (3.35)

_In the proof of Proposition 4.1 we will need an estimate for the force,
|F;|, due to the particles j at distance larger than R(n,?)!/* from the par-
ticle i:

_ 1
|Fi| < Gy

Jilgi—

gy tl
(Ij|>R1/4 |¢]z ('I]|

1

+oo
< GZZZX(kR1/4<|CIi—‘]j|<(k+1)R1/4)W

k=1 j

o0
<Gy) N(X,qi, (k+ DRV ———
= (kR1/4)V+1

[o)0]
<D k+DRYH2Pw2(x g;, (k+ 1HR) ———
2 ;(( +DRYY X ket DR
1

00
3/8—(y+1)/4 1/2 A2 -
< DR stllpW (X, u, R) Zk Ky +1-3/2

k=1
1

e vemyeE (3.36)

+00
< D24R3/8+3/2—(y+1)/4 Z
k=1
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4. DYNAMICAL ESTIMATES

The following two propositions give bounds on the maximal velocity of a
particle and on the work done by the system over a single particle.

In this section, we shall omit any explicit notational dependence on n
for R(n,t) and {q/(¢), v} (1)} for simplicity, since, from now on, n will be
fixed.

Proposition 4.1. For any positive T < +o00, there exists a positive
constant Cj, such that, for t < T,

V") <Cia R(1), .1
where
R(t)=<p(n)+/0t V'(s)ds, 4.2)
and
o) =" (). 4.3)

Proposition 4.2. For 0<s<t<T and any ¢ €[1/2, 1], we set:
A=¢ R(t)™°. (4.4
Suppose that, for some i € I, and some suitable constant A > 1:

inf ]|ui(r)|=A R(t). 4.5)

Tels—A,s

Then there exists a constant C13 independent of A such that:

s

/ dt E Uj~Fi’j <C13AR(I)2 (4.6)
s—A :
J

Using Proposition 4.2 we are able to prove Proposition 4.1.

Proof of Proposition 4.1. The proof will be achieved by contradic-
tion. We first notice that, by the initial conditions, V"(0) < Q¢ (X )/ 2<p(n) =
Qs (X)2R(0) and then (4.1) is verified for ¢ =0.
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Suppose that, for some t* €[0,¢] and i € I, we have:
VIt = v ()| = A R(1) 4.7)

for a suitable constant A to be fixed later and satisfying A > 2(0¢ X))+
1). We also fix 71 €[0, t*), such that

ui ()] = (Q(X)' 2+ DR@), 4.8)
inf _ Jui(0)] > (Qe(X)' 2+ 1R (1) 4.9)

Te(t,t

and [t*—#|= HA for some integer H >1 and a suitable choice of ¢. This
can be done because by

*

o1 () =i (1) + f Fi(X"(0)) d (4.10)

|

and by (3.35), we find
AR(1) <(Qe(X)' 2+ 1D)R(t) + Doy (t* — 1) R (1)) (4.11)
and hence
(t*—1)=E R(0)™* > R(1)~Y°, 4.12)

therefore, for a suitable choice of ¢ €[1/2, 1],
Furthermore, defining the set

ROYO)*—n| o
7 1S 1nteger.

Yo={j€li:lgi(x)—q;(D) <ROY* for some te[n,r*]},  (4.13)
we have
1 2/ % 1 2 a
Evi(t )_zvi(tl):./t, ds; vi - Fi j
= Lit+Lo, (4.14)

where

t* t*
EIE/ dSZ Ul"F'l"j and ﬁzEf dSZ U,‘~Fi,j. (4.15)
1 5l

Jjevg j€Yu
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For £; we have:

L1l < max (Zm,w)[ ds i < EROZE 4.16)

where the time integral is bounded by R(¢) (see (3.7)), and for the sum of
the force we have used (3.36). Equation (4.16) clearly gives |£|< E3 R(1)>.
Let us consider the second term Lj:

n+hA

t*
L= [ 4y wvp: F,,+Z/ ds > v Fi
I v
J€Yy

jev, H+h-1)A
==Y o) —q;N+ Y dlgit) —q;t)

je ¥, j€¥n

H  t+hA
+Z/ ds Y v Fij (4.17)

i1/ n+HB=DA

and, following a similar method to that used to obtain (3.35), we get

> b(qi(t) —q; ()| < E4R(1)*?. (4.18)

J€Yy

The same bound holds for }_; ¢ ((gi(t1) —¢;(t1)). Thus, using Propo-
sition 4.2 to control the last term of (4.17), we have:

%viz(t*)é(Qg(X)+1+E3)R(t)2+2E4R(I)3/2+C13R(I)2 " —nl, (4.19)
hence

AP R(1)?<2(0e(X)+ 1+ E3+2E4+C13T) R(1)*. (4.20)

The above inequality can’t be satisfied for any A2 larger than 2(Qe(X) +

14+ E3+2E4+ C13T). This clearly contradicts (4.7) (for this choice of A),
therefore the proposition is proved. |

Proof of Proposition 4.2. Let us set

J=[s—A,s], (4.21)
Yo={j €lp:qi(r) —q;(x)| < R(@®)* for some 7 e J}. (4.22)
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The particles belonging to Y¢ can be easily handled: as shown in
(4.16) we have
§ 23_y+l 2
/ dr Y vj-Fij|<ERMT 4 <EsR(@)A, (4.23)
s—A : _ve
Jexy

being y > 7. Hence from now on we consider only the particles j €Y. Let
us split the set Y, according to the following partition:

ar=1{j €Y, : 2"V R(YO sup v (1) <2F ROV, k=1,..., kinax),

tel
(4.24)
where kpax 1S the maximum integer for which

2kmax < %R(t)2/6, (425)
ay={j € Yuisup.e, |v; (@] <ROY), (4.26)

kmax
a= U a, (4.27)

k=1
a=Y,\(aUa). (4.28)

Therefore

/S dv 3 v Fiy _‘/ S+ b Fy| 429

JEY, jea jea jeay

and we give below a bound for each term of the previous equality.
First of all we give an upper bound for the cardinality of a. If jea

1
[vj ()| =max |v; (1) > 7 R(1), (4.30)
then by (3.35),
lvuj(2)] > R(r) — Dy AR > R(r) — Dy R(t)Y/ > g R(t), (4.31)

for n (and so for R(¢)) large enough.
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By definition R(z) is larger than the maximal displacement that a par-
ticle can undergo during the time interval [0, 7], then all the particles with
indices in Y, must be contained into the ball B(g;(0),3R(¢)). Thus it fol-
lows from (C.1), (3.28) and (3.6) that

Y vi(1) <20(X"(1); 4i(0), 3R(1)) 2L W(X"(7); ¢i (0), 3R (1))
jea

< 2C3* LW(X"(1); ¢i(0), R(1)) <2C3 3* L C7R(1)°,  (4.32)

then, by (4.31):
1
amm(r)z < EgR(1)%, (4.33)

which implies
|a| <64 E¢ R(t). (4.34)

As a consequence, we have

K s 1/2
/ dr Y v Frj| < ||F||oo/ dr(Z |vj|2) jal'’?
s—A s—A

jea jea

< E7R®*ROVPA=E7R®)? A. (4.35)

Let us consider now the contribution of the set a. Let [ € N with
1 <I<lpax and Iy = [R(t)l/ 4]. In this way, using the decreasing property
(2.4), we get:

s
/ dt Z Uj~F,',j
s—A

J€ak

I
max 1 K
4/6 Hk O]
<ere 2 TS S [ oo
=1 -

J€ak

I
1 s
+W /S_A dt x (lai(0) = g, (01 = [RO'H]) }
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lmax

5 / dv x)(v)

1 s
+W /M dr x (Iqi(r)—qj-(r)l > [R(t)1/4])}’ (4.36)

<EgR(1)Y02¢ ) {
J€ax

where
X = x(lgi (1) — g0 < D).

Now we want to study the time integral j;s_ A dT Xl.(yl]), (7), with 1 <7 <Ilmax.
In order to estimate this integral, we notice that for n sufficiently large:

lvi (7) —v;(D)] = lnf lvi ()| = sup v, (7)]

tel

> R(r) — 2kmax R(1)4/6 > 5 R(®). (4.37)

Suppose that |g;(t9) —g;(tp)| =I at time #y € [s — A, s], with outgoing
velocities (i.e. (v;(fo) —v;(t)) - (gi(to) —g;(tp)) = 0). Then we are going to
prove that the pair (i, j), once reached a relative distance larger than [,
it will never reach a distance smaller than [. Let #; € (s — A, s) denote the
time in which (¢;(r) —¢q j(r))2 reaches its maximum value, say rl2 (for this
reason (v;(t)) —v;(t1)) - (qi(t1) —q;(t1)) =0).

By the identity

1 d? ) 5
Eﬁ(q" (t)—q;(®)” = (vi(r) —v;(7))

+(gi(7) —q; () - (Fi(7) = Fj(1)),

and using (4.37), (3.35) we get:

(t—1)? (R(r)2

(qi(D) —q; (@) =ri+

3 1 — Dy rlR(t)3/2>7 (4.38)

for T >1t;. By the deﬁnition of rp it follows that r| > R(t)l/z/(4 D»1), oth-
erwise (q;(t) —qj(r))2 >r1 In this case

(t—1)? 32 ¢ A? 3/2 ¢? 1/6 473
T r1 R(1) 2rR(t) 2r1R(t) < Eor™°.  (4.39)
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Therefore
(qi(T) —q; (@) =ri — Eor1 Y3 > 12, (4.40)

then the pair (i, j) will keep a relative distance larger than [/ in the time
interval (¢p,s) (note that the last inequality clearly holds because I, =
[RO'] < R(®)'72).

Now we repeat this argument when r; is the minimum distance
between particles i and j; we again denote by #; the time in which this
distance is reached. Supposing r| <I, we want to establish the exit time of
the particle j from the ball B(g;(t),[); this time can be derived from the
equation (g; (1) —qj(‘t))2=lz, hence (4.38) implies

2 2
T—1)" R(t
12>r12+E10uL

2 4

8(12 —r? 812 Eql

(P rlz)s > = lr—nl< =

EgR (1) E1oR(?) R(t)

Thus
s Epnl

Dy =2 4.41
/S_A Xl,](r)\ R(t) . ( . )

In order to estimate the cardinality of a;, we use again an upper bound of
the energy as we have done for the set a. Let be 7; € J such that |v;(t;)|=
majx [vj(7)]. Thus

TE

jag] 226D RYC <N i< Y s — A

J€ak J€ak

+f Adr Z|v,~(f)| Z|F,,,j(r)|. (4.42)

Jjeak P

Multiplying (4.42) by 2% and summing over k, we have

1 _ _
> :§|ak|2“‘ DRSO 28N Jujs — A
k

k Jjeak

S
+E13R4/6/ drt § §:|F,,,.,'(z)|. (4.43)
s—A

jea P
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The latter term can be bounded as follows:
Z |Fpj(DI<E14 Yy Z 1@ (4.44)
p =l

By means of (3.31) and (3.6), taking the supremum over u, we can state

> Z X (D) < EisPP R, (4.45)
jea
and by (4.32) it follows that
D2 Y i —MP<SE R, (4.46)

k Jjeak

hence, combining these two relations and using the definition (4.4) of A,
we get

> lakl2X <Ep RO A, (4.47)
k

It follows from (4.36), (4.41) and (4.47) that

Z/ dv Y v Foj| <EsR0? A, (4.48)
s—A

k — jeag

since the sum over k of the second term of (4.36) can be easily bounded
by:

R(1)*0 Z Z R(t)1/4 / dt < EfgROYORMWOAZR(t) /4

k Jj euk

< E19A R(1)>. (4.49)

It remains to estimate the last contribution, namely that associated to
the set of indices ag. We have

1 kmax 1
(k)
dt Z 7Y NY¥ (1)

(4.50)

N
/ dTZ”J ij SEzozR(l)Mé/
s—A

Jjeag Sh
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with

N®@)=>" x(lgi(t) —q; ()| <kr)

J€ag

and where J =[s — A, s] has been decomposed into H identical intervals:

U [shs Sn+1] (4.51)

1 1
2AR() ARGt)"

with sy =s, so=s—A, and |sp41 —sp| =08 €[

Moreover kpax 1S such that
kmax = [R(r)l/“/r] Y 4.52)

(such a choice for the maximum value of k will be clear later).
Since |v; (1) < R(1)*°, the maximal displacement of a particle belong-
ing to the set ag is less than 1, in the time interval J. Moreover, defining

(k) .

o o 40 kr+1 4.53

h ,%; X(fe(;ﬁvhm lqi (t) —qj(so)| <kr+1) (4.53)
0

for T € (sp, sp11), we get N(k)(r)gN,Ek).
Then for (4.50) we have:

kmax

4/6 N®
/ dtZUj i | < ExR(@) 5Z(k 7 Z
J€ap
Komax H-1 172
< ExROYOVHS N&®
20 R(1) J_Z(k)),(h()( )
(4.54)
Let us define
TF=(yeR®: inf |qi(x)—y|l<kr+1} (4.55)

T€(Sh,Sh+1)

and

E(TH=)" ¢(i(s0) —q;(s0)) +bN(X"(s0), T,), (4.56)

I<j
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where the sum is restricted to the pairs of particles in ’Z;lk and E is a pos-

itive quantity because b > B. Let us note that N(X"(sg), 7;,]‘) < N;Sk).
We want to estimate now the sum in (4.54)

H—-1 5
> (M) (4.57)
h=0

If the sets Thk were all disjoint, then, defining

=zt (4.58)

by superstability we would simply have

g o)
ETY2A Y nj2AY Y ni,>Ex Z . (459

ieZ3NTk h iezZ3nTk

We anticipate two results that will be proved afterwards: the first
regarding |’2;lk|

|TF| < Exp k2, (4.60)

the other dealing with the fact that a set Thk has a non empty intersection
with no more than (8 +4rk) other sets (we consider k fixed).

In this way (4.59) becomes

H-

ETh s EB Z (N,j"))z. (4.61)

Putting the previous relation into (4.54), we can write

s kmdx
/ dv > vj-Fij| <ExR®YSVHS Z ;BT (4.62)
s—A

J€ag
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By the bound on the maximal velocity of the ith particle

Wi (DI <KARW®) + DR AL ZAR®), (4.63)

N W

we get
T+ B(qi (), 2+ kr + R(1)'/?) (4.64)

with 7 belonging to the interval [s — A, s] (for the proof see below).

Therefore

E(T < ) I¢@(s0) —q;(s0)|+b N (X" (s0), T%)
l<j:
ql,quTk

< Y gl +bNB)<Exssup Y D eI+
[ J

I<j: H

q1.9j€B

< Eggsup W(X"(s0); w, R(s0)) < Ea7R(1)*, (4.65)
)z

where in the fourth inequality we have used an estimate like the one given
in (B.1) and Lemma 3.1, while in the last inequality we have used Lemma
3.2. Putting the last relation into (4.62) we get:

s
/ dt Z vj - F | <ExsA R, (4.66)
s—A

J€ag

since vH =(A/8)'><\/2c ARV,

It remains to prove that a fixed set 7;5‘ has a non empty intersec-
tion with no more than (8 +4rk) other sets, that |7;lk| < Exnk3, and (4.64)
(we will see that these three statements are consequences of the inclusion
(4.69)). For a given A, let o=l ang E(r)=(qi(t) —qi(sp+1)) -e. Then

[vi (Sh+1)

T

E(r) = [vi (D] (7 —spe) + / o (t—0) Fic)-e,  (467)

Sh+1
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hence
|T —Sht1 |2 3/2
[E@] = [vi(sh+ D] (T —Spy1) — B D1 R(1)
> [t —sp41] (AR() = DR R®)™0)
AR(t)

2 |t —sn1l— (4.68)

for n large enough. On the other hand from (4.63) it follows that
3
T CB(qi(sh+1); EAR(I)(S +kr) C B(qi(sh+1); 2+kr). (4.69)

Let us choose |t —sp41| > (84+4rk)s, with (844rk)d < A (such a con-
dition guarantees us to remain in [s — A, s]), that is k < kpax < R(t)1/3;
from this last condition, the choice (4.52) previously done of taking kyax ~
R(t)'/* is clear. Now, from (4.68), we have that |£(z)| > 2+ kr, and for
this reason, after the time 7, ¢; will not enter anymore into the ball
B(qi(sp+1); 2+ kr), in such a way that ’];lk will have a non empty intersec-
tion with no more than (8 +4rk) other different Tyk’s.

The bound on |7;1k| and the inclusion (4.64) are straightforward con-
sequences of (4.69). |

We have now all the results necessary to prove the main theorem of
this work.

5. PROOF OF THEOREM 2.2
Let us define the quantity

i(n,1)=

q' (1) —q?“(t)). .1

From the equations of motion in integral form we have:

t
g () =i (0) + v; (0) 1 + /0 dst=5) Y F(a &) -q}®).  (52)

Ji#

From (5.1) and (5.2) it follows that, for any i € I, _,

t
S;(n,t) </ ds(t—s)
0

> {V¢(qf<s>—q;<s))—V¢<q?‘(s)—q;?1<s)>]’
Jij#
(5.3)
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and, because of the long-range of the interaction, it is useful to split up
the last sum in the following way. Let

a1 ) =)o)} =mly o) (5:4)

min {

a0 -7 ).
and, fixing a particle i, consider the following sets of indices:

Al (s, k) = [j#i:(k— 1)¢(ﬂ)<M?j(S)<k<ﬂ(n)},
A (5) = {j#1:m}55) > Kanaxo ) |
where ¢(n) =w5(n)3/2 (e has been defined in (2.8)), k=1,2,..., kmax

and kmax = [n¥*/p(m)]. We can write, using the property (2.5) of the
interaction:

PR AZICAOR ORI ORI O]

Jii
<L Y (8i(n.s)+8;(n.s))
JjeAL(s,1)
kmax
+L Z—Z > (i) +8;(n.s))
i (k= Dg@m)"™" JEAN (s.k)
1 _ n—
i 3 O - g O+ o)
(kmax¢(n)) jeAn(s)
(5.5)
Defining
dy(1)= sup sup g/ (s) —qi (5.6)
s€(0,t]iel,
from the bound
V(1) < Lap(n), (5.7)

(it is a consequence of (4.1), (4.2) and of Gronwall’s lemma) we get, for
t<T: d,(t)<L3p(n), where L3=L-,T.
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Hence, putting

PO, 1) =kpn) + Lypn), (5.8)

the number of particles contained in A7 (s, k) is bounded by the number
of particles that, at the initial time, were in a ball of radius p®(n, 1), and
therefore, according to the definition (2.7), it is bounded by the quantity:

gD n0=0:00 (pV.) <Lk’ (5.9)

For the same reason, the number of particles belonging to ,Zl?(s) is
bounded by Ls QS(X)n3, so the last term in (5.5) is bounded by

4
L5%. (5.10)
We define
ug(n,t)=supd;(n,t) (5.11)
iely
and we fix an integer ko < n. Putting
ky = [ko  pthman) (. t)] , (5.12)

we can bound the r.h.s. of (5.5) in the following way (using (5.8), (5.9),
(5.10)):

Lak3pn)? Ls Qe (X)n*
(3.5)<L (L ()’ + —) (n,s)+ ———""
1 4 n Igz ((k_ l)w(n))y+2 kl (n3/4)y+2
(5.13)
Hence by (5.3), (5.13), we get:
< Leon) [ d L1 5.14
ugy(n, 1) < Lep(n) /0 S(I—S)Mkl(”,s)'i‘m- (5.14)
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We iterate now (5.14) m times, where m is

n—ko

hence u,,(n,t) < L3p(n), we have

2m m 3\ 2n
3m41 ! L7 (pm)?) ¢
kg (n. 1) < (Lsg(n)) (Zm)!+n(3/4)y,5/2}; )

t2m
amn T

L
< (Lgg(m))*! sy sn o (o). (5.16)

By the choice (5.15), using Stirling formula, since ¢(n)’/? < Lg
(log n)®/Y% where & <4/9, and since y > 7, it follows that uy,(n, 1) con-
verges summably to zero as n— oo.

For what concernes the velocities we have:

SF (q,»”(s) —q}’(s)> —F (qi"*l(s) _‘1.771(”) ‘

JiF

t
v?(z)—vf”(t)‘ g/() ds
(5.17)

and we can bound the right hand side of (5.17) by the same estimates used
to bound (5.5). In this way recalling (5.14) we obtain, for any i € Iy,:

_ ! L7
U?(Z‘)-U? 1(1‘)‘<L6(o(n)3/0 ds Mkl(n,s)-i-m, (5.18)

where for uy, (n, s) it holds (5.16) replacing m with m —1:

t2(m—1) L

3(m—1)+1 7 3/2
g, (n, 1) < (Lgg(n)) Son =i T s P (e00r).
(5.19)
Substituting (5.19) into (5.18) we have
o (0 = (0| < Lopn)?
t 2(m—1) L
3m—1)+1_5 7 3/2
Xfo ds <(L8<ﬂ(n)) Qe —1)! + Gy 5/ exp(p(n) S))
L
SR (5.20)

nG/4y—5/2
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from which it follows that |v! () — v;“] (t)| converges summably to zero as
n— oQo.

To prove that the limit solution belongs to (2.15) for any time 0<r <
T, with T arbitrary but a priori fixed, let us fix i € N and choose ky such
that kg — 1 <|q;| <ko. We choose n* of the form

n*=[k¢ +L1o]., (5.21)

in such a way that we have a uniform convergence of Zn%* Ui, (n,t) with
respect to ko (as it appears evident from (5.15)). Now we have:

i) =] (1< D 6 = @)l (5.22)

n>n*

hence by (5.20) and by the choice made for n*, the right hand side of
(5.22) is bounded by a constant indipendent from kg:

v (O] < [0 (1) + L1y (5.23)

Thus from (5.7) it follows

. 3 3
v (D] < le(log(e+n*))2§ <Ll3(10g(€+ko))2§
3
< L14(10g(€+|qz'|))2é=L141ﬁ§/2(|6]i|), (5.24)

so that, from (5.24) and (5.23), it follows
|0 (01 < L1s v (1ai - (5.25)

We want to prove now that, if X € Xz, then X (¢) EX%S.
Given peR? and R> (log(e+|u|))%5 let

no=[Lisexp 2 R¥)]. (5.26)

Clearly (log(e—i-n()))%é > R so that, by Lemma 3.2 and from the relation

O(X; 1, R)SLW(X; 1, R),
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(see (C.1)), we have

Q(X"0(1); jt, R) < LW(X™(1); p, 2R (ng, 1)) < L17R* (no, 1)
< Lig(log(e+n0))2% <Lio (R¥) " <LyR>. (5.27)
On the other hand

Q(X(1); . R) < QX" (1); . R)
+ 3 e @i B = QX @ L R)|(5.28)

n>ng

and the sum on the r.h.s. of (5.28), by the choice (5.26) of ny (which in
particular implies that ng > |u|), converges uniformly with respect to u e
R? and R > (log(e+ |u|))%s, so it is bounded by a constant independent
from u and R.

Notice that the following inequalities hold

(log(e +n0))2¢ = R > (log(e + 1)) 2¢, (5.29)

in order that, combining (5.27) and (5.28), taking the supremum over €
R3 and over R > (log(e+ |u|))%$, we obtain that X (¢) € X3,

We want to underline that we cannot say that the solution surely exits
from X, we have only proved that the maximal set of existence for X(z)
is X;S D] Xg.

For what concerns the uniqueness of the solution, let us assume that
there is a solution {g, v;} different from the one obtained as the limit of
the partial dynamics and deduce a contradiction. In the space defined by
(2.14) and (2.15) it can be easily proved that the difference |g]' —g}| con-
verges to zero as n— oo by an iterative method identical to the one just
used, in particular we need the restriction over the velocities provided by
(2.15) in order to make the iterative method work. This last condition on
the velocities is imposed by the long-range character of the interaction,
which gives origin to a term like the last present in (5.16).

We want to point out that the restriction (2.15) is a requirement
imposed to prove the uniqueness of the solution. In particular we need a
velocity bound (better than the one following by energy conservation) for
the non-limit (hypothetical) solution {g/, v}, necessary to make the iter-
ative method work. Nevertheless we remark that we have proved that the
limit solution, lim,, «{g]", v]'}, belongs directly to (2.15). 1

The proof of Theorem 2.1, dealing with the short-range interaction,
is analogous to Theorem 2.2’s, with obvious simplifications.
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APPENDIX A

Proof of Lemma 3.1. We make a partition of the physical space
with large cubes of side mr and we divide the interaction into a short-
range and a long-range one. The last one can be handled using Proposi-
tion 2.1. Concerning the short-range interaction we choose the parameter
« in the definition of the weight-function f (see (2.24)) so small in such
a way that, in a cube, f is constant, and then, neglecting the interaction
with the other cubes, W is superstable. Of course the interaction between
different cubes exists, but it gives a surface effect, and it becomes negligi-
ble with respect to a volume effect, as m is very large.

Let us define the set T, (r) in the following way

l"i(r) = {x eR¥:u® 41D <xO <@ +D + Dymr,
ueR3; meN, leZ3},

where r is the parameter appearing in Proposition 2.1.
From this definition, it follows that |x — y| < V3mr, Vx, ye€E I‘i ),
then, by the properties of the weight-function

A
Sy =l RS fx =l B (1+0v/3mr)” (A1)

We define also the following quantities:

= if R (A2)
ieN,g; el
Plr) =G, ))eN®N:i>j, giell, gjell lgi—qjl<r),  (A3)
T.0) = | Pir). (A4)
173
M = sup |p(x)], (A.5)
xeR3
V(i) =1{G j)eN®N:i>j, lgi—qjl<r}. (A.6)

As it follows from its definition, V (r) is the set of all the pairs of par-
ticles with relative distance smaller than r, while in 7, there are no pairs
with particles in two adjoining T.

Let € be a real positive number such that

€>~3amr, (A.7)
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then for each x and y in T, we have:

FUy—ul, < (1+€)* f(1x —ul, R). (A.8)

Since the potential can be decomposed into ¢ =¢ +¢? (see (2.17)), the
mollified energy becomes

W(X; 1, R)=WD X5 1, R+ W (X; 1, R), (A.9)
where
My _ w.R (Vi )

W (X,M,R)_Zfl (2+ Z¢,,+b) (A.10)
ieN JijFi

WO (X: 1, R) = wal >4 (A.11)

9 9 . 1 2 ' ' . l»J

ieN JijF#i

Let us estimate now the second term W®. For r large enough we
have:

(WL < By (14+v3a)" 3 £(li = ul. Ryna,

ieZ3
x(i=jl>r=2)
X A, ——————————
].EXZ; F -1V
<DyY . Y fli—pl, Rynan 5T |
ieZ3  jez3:
li—jl>r—2
- . 1
<Dyy Y. f(|z—u|,R>(n2A,.+n2Aj)m
ieZ3 jez3: J
li—jl>r—2
4{2 2, fli-plRon}, g |
ieZ3  jez3:
li—jl>r—2
1
+ Y fUi—nl R)nA| |y(1+|l—J|))}
tjeZ3

li—jl>r—2
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< Ds Y flli—pl, Rynj,

iez3
00 A
. (I+k+1)
X DD ak<Ijl< kD) ——
k=r jeZ3
=1
< Dg Z Si—=pl, R)nzA,- Zm
ieZ3 k=r
< D1 Y fi—pl. Rynd, . (A.12)
ieZ3
with l~)7(r) such that:
lim D7(r)=0, (A.13)
r——+00
as
y>34+A. (A.14)

Therefore 3r1 >0:Vr >ri = 57(1’) < %A, hence

1 .
W= —2A Y fli—nl Rynj, (A.15)

ieZ?

for any r >ry.
Now it remains to examine the first term W,
If we define the quantity

, 1
EX;p,Th)= Y f"fel), (A.16)
(i,j)ePli

by the superstability of ¢! we have
R R\ (1 R 1
EX:u. T = Y (" F =75+ 7155 3 o)
(i,j)€P) (i,j)eP!
R R
> =M+t =1 7 " =BRE Y na
(i,j)eP] keZ3

3
Zu, R 2
+ZAfMJ Z Ay
keZ3
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and from the following definition

73=7>nr} (A.17)
we get
EQX: Ty > =B 5" Y na+——— > fk—pl Rnj,
’ 4(1+ €) :
keZ; keZs;,
M
—S (et =1) 3T A, (A.18)
(i,j)ePL{

Choosing z =u, where z € 1"80rZ3, we have U3 I‘é =R3, and to each z
it is associated a partition P, of the space.

For a fixed partition, considering the definition (2.23), summing
(A.16) over the sets I‘é € P, and taking into account all the contributions
of the pairs not belonging to a set of the partition, we finally obtain a
lower bound for the mollified energy. Indeed choosing b > B, we have:

WOX R > Y EX T +b Y 1% na,

leZ3 1e73
M
5 2 WD
@, )¢T;
3A
> o 2 fUk—ul Ryny =My (R £
d+e" 7 G DET:
—7((1+e>k—1> Yo
@, ))eT;
241 A ST - pl Rynd, - MY (R R
(d+e) keZ3 @, )¢T;
—?((H-e))‘—l) P C/ R (A.19)

(i.))ev

If we sum over z, the term in the left hand side is clearly independent
of z. On the contrary, given a pair of particles (i, j), the number of z such
that (i, j) €T, is larger than (m —2)3, thus the number of pairs of particles
with a relative distance smaller than r, but such that they do not belong
to T, is less than m3 — (m —-2)¥<14m?.
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In this way we obtain

3Am3

20 2 k= nl Ryny,
(I+e) ‘=7

—14Mm* )" (fl.”’R-|-f;"R)

@i,j)eVv

m3wWO(X; 1, R) >

M 3
—Tm((1+e)k—1) DO/ i)
(i,j eV
(A.20)

Let us estimate now the last two terms of the sum:

SR <SSR D x g — gl <)

@i,j)ev i<j

<Dsyy Yy > D> fli—plB

iezd 1N jep3. geNiggeA;
9D |iZ j\<r+2

=Ds) Y [fUi—pl.Rynana,.

ieZ3  jez:
li—jl<r+2

Obviously for a fixed j
Card{ieZ?:|i — j| <r+2}<Dor?,

then, for r large enough:

Yo R <D Y fli—ul Rnd,. (A2D)

@i, ))ev ieZ3

In conclusion the term W is bounded by

WO X, RY> Die,m,r) Y f(li —pl, Ryny,, (A.22)
iez?
where
34 14D10M s Mo s34 A )
D(e,m,r)= — > — —Djor I1+e)* =1 ).
( ) (4(14—6))” - > Do ((d+e)" =1

(A.23)
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Let r be such that r > max{r, 1}, and m such that:

112DyoMr3+
m2m= 20T (A.24)
A
and let € satisfy the following bound:
< mi 3/2 i 1 A 1 ' 1 A.25
<min -1, —=—+ —1¢, .
¢ ( / ) <4MD10F3+)‘ ) ( )
so that we have
1
D(e,m,r)}ZA. (A.26)

Finally we fix « in such a way that amr+/3 <e€, so the thesis immediately
follows with C3=1/4A.

Summing up, first we choose r so large that the tail term W, is small
enough. Then, for a fixed r, m can be chosen in such a way that (A.24)
holds, and ¢ small enough to satisfy (A.25). Finally, as we have fixed
r,m, €, from (A.7) the bound on o follows. |

APPENDIX B

Proof of Corollary 3.1. The only part which remains to prove is:

1
DA 5 2o i tb | <Ca Y flk—pl Ryni,. (B.1)

ieN Jjen: keZ3
i €

Let us define

1
>t §Z¢i,j+b =W+ w®, (B.2)

ieN JeN:
J#
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where
1 1
W@ — ZfiM’R 5 Z¢£}+b , (B.3)
ieN jeN:
J#
1 2
w® =2 ST e (B.4)
ieN jiN:
JFI

Using the third property of Proposition 2.2, the first term can be easily
bounded by

A~
WO < (A+av3) Er ) f(l—ul, R)yny,
lez?

3 % gi—gil <. (B.S)
i#]

¢ D00

L

Thus

WO<E Y fUl—ul. Rynk, +E3 Y 1% x(q; —qjl<r).  (B.6)
1e7? i#]

Let us give an upper bound for the second term that we denote with W:

g ,R
W= f"xq;—qi1<n)

i#]
s
< Y Ak A A +av3) FUL =l R) x (1 —m| <r+/3)
1,meZ3 i#j
SEDY N fUl—ul Rynana, x(L—m| <r++/3)
€73 meZ3
Ey4
<5 20 2 FU=pl R (i 0k, )x (1 =m| <r 4+/3)
(€73 meZ3
Ey
<5 2 fli—pl, Ryng, 3 x(l—ml <r++/3)
leZ3 me7Z3

+% > fUm—pl, Ryny, Y (+a(+33) (1 —m| <r++/3)

meZ3 173

< Esr¥™ N fl—pl. Rynk, <E¢ Y f(l—pl. Rynj,.
1e73 1e73
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where we denote with y;(A;) the characteristic function of the set {i €
N:g; € A;} and with na, the number of particles in the unit cube A,
with its center in I. Moreover we have used the fact that, for a fixed [,
> wezs XL —m| <r++/3) is bounded by the cardinality of the set Z* N
B(0,r ++/3).

Thus for W@ we have

WOLE Y fUl—pl Ryny,. (B.7)
A

Let us give a similar estimate for W®.
From the forth property of (2.17) we have:

1
w® < Egy %3 x(lg; - ai1ZN—
J

ieN jeN
o
~ ,R
=Egy Y f""“xr<lgi—qjl<®&+1r) =,
Pl lgi —q;
- ’j
thus
o
w® < SZ o )y DO xi(AD X (Am)
k= Ime z/e

x(1+av3) f(ll = ul, B xkr —v3<ll—m| < k+Dr++/3)

~ 1
< E9§(kr)y

x Y L=l Rynamna, xkr =/3< |l —m| < (k+1)r ++/3)

I,me
73

Eo X 1
< 7; (W[Z (f(ll—ul, R)nzA,+f(|m—u|,R)(1+a|l—ml)knim>
= 2;6

xx(kr—«/_<|l—m|<(k+1)r+«/§)

1oz(k 7 Zf(ﬂ ul, Rynj,

1e73
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~ (I +a(k+ Dr++/3)
HE Y > Fm—pl. Rynd,
k=1 meZ3
<En) fUl—ul Ryng,, (B.8)
leZ3

where in the last inequality the convergence of the series follows from the
bound on y.
Thus we have:

1
YA Xt [ SCO Ul R, (B9)
ieN ]}672{: 1e73

and then the proof easily follows. [

APPENDIX C

Proof of Corollary 3.2. For the first inequality we prove a stronger
bound: there exists a positive constant L such that:

O(X; u, R)SLW(X; i, R). (C.1)

From definition (2.6) we can write:

2
V?
QX; 1, R) =) x(Igi =l SR)=
ieN
1 1
+ZX(|C]i—M|<R)<b+§ > ¢>},}>
ieN J#i
qj€B(1,R)
1 2
+3 2 xlai—pl<R) Y &
ieN Jic
qjeB(//..R)
=7+UD4+U?, (C.2)

where

2

V:

T=) x(gi—nl<R)=
ieN
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1
U =" x(a —u|<R)(b+E > ¢,ﬁ1}),

ieN J#i
qj€B(1,R)
1
@ = _ E : o z : @
U¥ = 3 x(gi — < R) ¢,',j-
ieN J#i:
quB(/t,R)

Because of the boundness of the weight-function fl“ R and from the
positivity of the interaction energy (3.2), we have

(8]

v

T<Liy fi* 5 <LWwXipR). (C3)

ieN

The second term can be easily bounded by

~ 1
,R 1
UV LY b+ 5 Y xai — nl < R)x(g; —ul < R) 17|

ieN i#j
A~
< (+av3) L1 Y f(l—pl Ryny,
1e73
1l
g > xar — I < R)x(lgi — 1<), (C.4)
i#]

where for the first addendum we have used the third property of Proposi-
tion 2.2.
Thus

UKL Y fll—pl Rynd, +L3 Y 1% x(qj—qi1<r).  (C5)
1e73 i#]

Let us give an upper bound for the second term that we denote with U

0= f"*x(g;—aj1<n< 3 3 xa0x (A (1 +av3)

i#j 1,meZ3 i#]j
X f(l=pl, R) x (Il —m| <r++/3)
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<L) Y fll—pl, Rynana, x(I—m|<r++/3)

€73 meZ3
Ly
<5 20 2 FU=pl R) (0 +n, ) x (1 =m| <r++/3)
1€Z3 meZ3
Ly
<5 2 fUl—pl Ry, 3 x(l—ml<r++/3)
1eZ3 me73
L
+2 Y fm—pl Rnd, Y (e +3) x(l=ml <r+/3)
meZ3 1e73
SLsr?™ Y fl—ul, Ryng, <L Y f(ll—pl, Rynk,,
1ez73 1e73

where we denote with y;(A;) the characteristic function of the set {i €
N:g; € A;} and with n,a, the number of particles in the unit cube A;
with its center in I. Moreover we have used the fact that, for a fixed [,

2

B(0,

e Xl —m| <r + V/3) is bounded by the cardinality of the set Z° N

r—i—\/g).

Thus for UD we have

UDKLy Y fll—pl Ryny,. (C.6)
A

Let us give a similar estimate for U®,

From the forth property of (2.17) we have

1
U <G1Y )Y xgi—nl<Rx(gj—qjl>r)——:

LY
ieN jeN | qj'
<Le Y %> x(q; - 41>
ieN jeN
km\x
<LgY Y A fxtkr <lgi— a1 < U+ Dr)— .
k=1 1,j J

where kmax =[4/37 R3/r]+1, then:

kmax

U(z) ng r )y ZZX:(AI)XJ(Am)

Ime l/E
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><(1+0M/§)Af(ll—ul,R) X kr =3 | —m| < (k+ Dr ++/3)

kmax

<L Z (kr)V

X Zf(u—m,R)nA,nAmx(kr—ﬁs|l—m|<<k+1)r+¢§>

I,me
73

kmﬂx
< Lo L9 1
—(kr)”

S (F U=l RIA A (m =l YA +all —m)n3)
l,me
73

xx(kr—f<|z—m|<(k+1)r+ﬁ)

102( ey Zf(u— ul, Ryny,

le73
o k2(1+a(tk+Dr +
7 Z ( a(((kr)yw V3 S fm -l Ry,
meZ3
<L Z FA=pl, RYnZ,, (&)

€73

where in the last inequality the convergence of the series follows from the
bound on y.
Thus, from Lemma 3.1 we have

OX; , VST+UV +UD KL 3W(X; 1, R),

and then the proof of the first inequality of the Corollary follows.

Let us consider the second one.

From the definition of Q(X; i, R) and from the superstability of the
potential we have

QX;u, )ZA Y my 2Ly Y, f(k—ul,R)ny,  (C8)

kez3: kez3:
|k—p|<R |k—p|<R

and from Corollary 3.1:

2
W(X; u, R —ul, R R %0
X1, R) < Ca Y fUi—pl Rymy, + f10
ieZ3: ieN
<Gy > fUi—pl Ryn3,
k=0 iez3:

i€B(u,(k+1)R)\B(u.kR)
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2
+ Y nkR<lg—ul < e+ DR) f0 2
k>0ieN
~ 1 )
< Lys Z k_)‘ Z L,
k>1 iez3:
leB(u (k+1)R)
+L 162 = Q(X; p, (k+1R)
k>0 k)

< T R Zkl 0(X; 1, (k+1)R)'

ST (kDR

Dividing by R’

I OX;u, (k+1R)
=3 (k+DHR)?

k>1

from which, taking the supremum over 1 €R? and over R > Ye(ll)

W(X; u, R)

sup  sup —— - <Lig QO <Ly O, (C9)
w R=yeuh R ,; 3

being A>4. I

APPENDIX D

Proof of Lemma 3.3. (i) Since

1 n*

(1+a by’ “lta Lay*

then, from the first two properties of Proposition 2.2, EIZZO >0 such that
fi.anR < ZZO I’l)\ fil/’uR.

By Corollary 3.1 it follows that

WX Ry < Y ek S L fQk=pl.nRyn}
2 k
ieN keZ3

< Lyn* W(X; i, R)
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+CaLoon™ ) f(lk—pl. Ryny, <Csn* W(X: 1. R).
kezZ?

(i1) From the definition of the weight-function we have f(x, Ry) < f(x, R),
if R;i<R».
Using again Corollary 3.1 we get

2
Vs
WX R) < Ca ) fUk =l Ry, + 3 A"
keZ? ieN
<Cy ) fUk—pl.nR)ny, +W(X; u,nR)
keZ?

< CoW(X; u,nR).

(i) We use the superstability of the interaction and the bound (C.1):

1
WX, R) > T Q(X; u, R)

1
> EZXU%‘ — <R x(gj —nI<R) ¢ j
inj
Ly

>R3

1
N%(X, 1, R)— B — N(X. i, R).
(X, u, R) 7 (X, u, R)

Since the interaction energy is positive:
N2(X, 1, R) <Ly R (N(X, , R)+ W (X; 1, R) < Loy R W(X; 1, R).

(iv) Let us cover the ball B(u,R) by a collection of disjoint cubes
{Aq}yezs of side one. Therefore

§ x(lqi—le<p)x(IQi—M|<R)x(|qj—M|<R)<E nAanA,ngE nia,
i#j (CH:)) o
(D.1)

where (o, 8) means the sum restricted to all pairs of different cubes at dis-
tance not larger than p. Thus we have the bound:
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> xgi —aqjl < p)x(gi — 1l < R)x(Ig; — | < R)
i#]
1 ~
2 2 2 3 2
<Yy 3 (A ) <Eur Yk,
a (o, B) o
<Lsp® Y fli—pl. Ryni, <Lyp*W(X: . R). 1 (D2

ieZ3
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